We study the rotation properties of spiraling elliptic beams in the anisotropy media. Based on the Collins formula, we obtain the exact analytical solution of the spiraling elliptic beams carrying the orbital angular momentum (OAM) to the paraxial wave equation. It is found that the rotation property is closely relevant to the OAM, which can be controlled by the linear anisotropy of media. For an anisotropic media such as the uniaxial crystal, the rotation velocity of spiraling elliptic beams at the output can be controlled only by changing the direction of the optic axis of the uniaxial crystal. Depending on the anisotropy parameter, two rotation modes are predicted for the spiraling elliptic beam. For small anisotropy parameter, the rotation direction of the spiraling elliptic beam is inverted at a certain propagation distance. When the anisotropy parameter is large enough, the invertion of the rotation direction disappears. The results are potentially useful in controlling the optical beams.
Introduction
The technologies associated with orbital angular momentum (OAM), including spatial light modulators and hologram design, have found their own applications ranging from optical tweezers to microscopy [1] . The OAM are usually associated with optical vortices [2] , [3] and related ring-shaped beams [4] . Meanwhile, the vortex-free beams with nonzero OAM are well known in linear media, such as an elliptically shaped beam focused by a tilted cylindrical lens [5] . In nonlinear optics, the spiraling elliptic beam carrying the OAM recently attracts the attentions of the researchers [6] - [9] . It was addressed that the OAM has two contributions to the dynamics of elliptic beams in nonlinear self-focusing media [6] . First, it effectively strengthens the diffraction against self-focusing, which can suppress collapse in Kerr media. Second, it preserves the elliptic profile of stably rotating solitons in optical media with collapse-free nonlinearities. In nonlocal nonlinear media, when the initial OAM equals to critical values, the spiraling elliptic solitons were obtained by applying the variational approach [7] . During the propagation of such solitons, the decay rate of the OAM is extremely low. The formation of such solitons can be attributed to effective anisotropic diffraction (linear anisotropy) resulting from the OAM. When the initial OAM deviates from the critical values, the spiraling elliptic beams evolve into breathers [8] . The decrease (increase) of the OAM can make the spiraling elliptic breathers contract (diffract). The co-propagations of two orthogonally polarized optical beams, a Gaussian beam and a spiraling elliptic beam, were discussed in nonlocal nonlinear media [9] . It is found that the Gaussian beam can induce a waveguide with the circular symmetry, in which the spiraling elliptic solitons can be formed and can propagate stably, with no special requirement for the optical power of the spiraling elliptic beam.
As mentioned above, the self-trapping and self-focusing of the spiraling elliptic beams in isotropic media were discussed. However, it is still interesting to study the propagation of laser beams in linear anisotropic media such as the uniaxial crystal, since uniaxial crystal plays an important role in the design of compensator, the polarizer, amplitude-and phase-modulation devices [10] , [11] - [13] . The linear anisotropy is important in many soliton phenomena. For example, it is reported theoretically and experimentally that the generation of multiple solitons [14] , [15] is the consequence of linear anisotropy. Linear anisotropy can also elicit the rotation of elliptic optical beams without any initial OAM during linear propagation [16] . Therefore, the rotation of optical beams can result from both the OAM and the linear isotropy. In this paper, we discuss the rotations of spiraling elliptic beams carrying the OAM in the linear media with linear anisotropy.
Spiraling Elliptic Beams
In the media with the linear anisotropy, we assume aξ− polarized light field = e ξ (ξ, η, ζ) exp(i kζ− i t), where e ξ is the unit vector in the ξ− direction, k = 2π/λ is the wave number, λ is the wavelength, is the circular frequency, and follows the paraxial wave equation [10] 
2 + 2i k∂ ζ = 0, where δ 1 and δ 2 are the diffraction coefficients along ξ and η directions respectively. For such an anisotropic media as the uniaxial crystal, δ 1 = δ 2 results from the linear anisotropy of materials [10] . By using the dimensionless transformations x = ξ/w 0 , y = η/w 0 and z = ζ/(kw 2 0 ), where w 0 is the initial width of the optical beam, the paraxial wave equation is transformed to
For clarity, we define ρ e ≡ δ 1 /δ 2 as the linear anisotropic parameter of the media. Here we study the linear propagation of the spiraling elliptic beams in the paraxial wave equation (1) with the input spiraling elliptic beam as follows
where b and c are the major semiaxis and the minor semiaxis respectively, and represents the phase-front curvature of the beam, which causes the beam rotation [7] . The optical beam expressed by (2) owns the OAM
We have shown that [7] the OAM can result in an effective anisotropic diffraction. Adding the linear anisotropy of media into the spiraling elliptic beams will make the diffraction property more complicated and interesting. Substitution of the input beam (2) into the Collins formula [17] (
we obtain the spiraling elliptic beam at any propagation distance as follows
where
Rotations of Spiraling Elliptic Beams
The shape of the spiraling elliptic beam, expressed by (5), is an inclined ellipse, whose major axis and minor axis are not parallel to x-axis and y-axis. To transform the elliptic optical beam (5) to its standard elliptic form, we make a coordinate rotation through angle ϑ, which satisfies the following equation
On the other hand, the angular velocity of the optical beam in the xyz-coordinate frame is as follows Substitution (7) into (9) yields the evolution of the angular velocity, which is a function of b, c, δ 1 , δ 2 , , and z. By setting ω = 0, we obtain the transition propagation distance
when ρ 0 ρ 2 e < 1 with ρ 0 = b/c. Equation (10) means that the rotation direction of the spiraling elliptic beam will be inverted at the propagation distance z tr for the case of ρ 0 ρ 2 e < 1, which is shown by the dashed red line in Figs. 1 and 2 . While for case of ρ 0 ρ 2 e > 1, the invert of the rotation direction will not appear. And the maximum rotation angle is obtained as
for the case of ρ 0 ρ 2 e < 1, and π/2 for the case of ρ 0 ρ 2 e > 1, shown in Fig. 3 . 
Discussions
As discussed above, both the inclination angle (7) and the angular velocity (9) for the spiraling elliptic beams are functions of the anisotropy parameter ρ e and the cross phase coefficient , which can be controlled in experiment. Therefore, the controllable rotations of spiraling elliptic beams are achievable in anisotropic media. For the media with linear anisotropy, such as the uniaxial crystals, the linear anisotropic parameter ρ e is a function of the parameters such as the extraordinary indices, the ordinary refractive indices, and the orientation of the optic axis, which reads [18] 
where θ is the angle between the optic axis and the central wave vector, n e and n o are the extraordinary and ordinary refractive indices, respectively. For positive crystals, it is well-known that n e > n o , then 1 ≤ ρ e ≤ n e /n o . While for negative crystals, since n e < n o , then n e /n o ≤ ρ e ≤ 1. Therefore, the rotations of the spiraling elliptic beams can be controlled by changing θ. In order to change the angle θ, we can rotate the uniaxial crystal or the spiraling elliptic beam. Fig. 4 shows the inclination angle and the angular velocity of the spiraling elliptic beams versus the anisotropy parameter ρ e . It is found from Fig. 4 that the rotations closely depend on the anisotropy parameter ρ e when it is not too large. The spiraling elliptic beams (2) with cross phase xy can be generated when elliptically shaped Gaussian beams are focused by a tilted cylindrical lens in experiments. And the cross phase coefficient depends on the angle between the major axis of the elliptically shaped beam and the cylindrical lens [5] . Therefore, the rotations of spiraling elliptic beams can be controlled by changing the directions of the cylindrical lens. Fig. 5 displays the inclination angle and the angular velocity of the spiraling elliptic beams versus the cross phase coefficient . When ρ 0 ρ 2 e ≥ 1, the angular velocity ω is always positive, which indicates that the rotation of the spiraling elliptic beam is always in the same direction and not inverted. In this case, the rotational angle ϑ increases monotonically, which is shown in Fig. 5(a) . When ρ 0 ρ 2 e < 1, the angular velocity ω, shown in Fig. 5(b) , is firstly positive and then negative, which indicates that the rotation of the spiraling elliptic beam is inverted. In this case, the rotational angle ϑ increases firstly and then decreases, which is shown in Fig. 5(a) . Fig. 6 shows the optical intensity versus the anisotropy parameter ρ e at the propagation distance z = 1 for different . The larger is, the lower the optical intensity becomes, which can be explained as follows. The OAM increases with the increase of shown in (3), which strengthens the effective anisotropic diffraction [7] and reduces the optical intensity.
The rotation mechanism is that the spiraling elliptic beams carry the orbital angular momentum (OAM) themselves. And the reason why the invert of the rotation occurs is that the OAM is not conserved when spiraling elliptic beams propagate in anisotropic linear media. To explain this, we rewrite the paraxial wave equation (1) 2 xy = 0. Therefore, the OAM is not a conserved quantity. In fact, it is well known that the conserved quantity corresponds to a kind of symmetry [20] . The paraxial wave equation (1) loses the exchange symmetry between x and y in the transverse, which results in the non-conservation of the OAM of the system. The optical beam carrying the orbital angular momentum can be used as the optical tweezers to manipulate microparticles across many branches of science, including molecular biology, medicine, nanotechnology, atmospheric science and colloidal physics [21] - [23] . The spiraling elliptic beams discussed in the paper carry the OAM, which can certainly serve as the optical tweezers. In experiments, we can let the spiraling elliptic beam pass through the uniaxial crystal before its incidence on the microparticles. In this way, the rotation velocity of spiraling elliptic beam can be controlled only by changing the direction of the optic axis of the uniaxial crystal.
Before concluding, we would like to make a short discussion on the difference between the linear dynamics and the nonlinear dynamics of the spiraling elliptic beams when the linear anisotropy of the media is taken into consideration. The dynamics of the elliptic breathers has been discussed in saturable nonlinear media with linear anisotropy [24] . Two kinds of evolution behaviors for the dynamic breathers, rotations and molecule-like librations, are both predicted. For small linear anisotropy, the dynamic elliptic breathers rotate. While for large linear anisotropy, the elliptic breathers librate like molecules, i.e., the elliptic breathers change the rotational directions repeatedly. However, different behaviors happen in linear propagations of spiraling elliptic beams. For small anisotropy parameter, the rotation direction of the spiraling elliptic beam is inverted at a certain propagation distance. When the anisotropy parameter is large enough, the invert of the rotation direction disappears.
Conclusion
In conclusion, we have discussed the spiraling elliptic beams carrying the orbital angular momentum in the linear anisotropy media. By using the Collins formula, we obtain the exact analytical solution of the spiraling elliptic beams to the paraxial wave equation. It is found that the rotation property is closely relevant to the orbital angular momentum and the linear anisotropy of media. Two rotation modes are predicted for the spiraling elliptic beam depending on the linear anisotropy of media. For the small linear anisotropy parameter, the rotation direction of the spiraling elliptic beam will be inverted at a certain propagation distance. When the linear anisotropy parameter is large enough, the invert of the rotation direction disappears.
